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1 Introduction 



Recently, an infinite class of solutions to the symmetry equation of the two- 
dimensional Toda lattice (2DTL) has been described in [|| in the frame- 
work of a rather heuristic algorithm of simple calculations proposed there. 
This algorithm resembles a computer program: It is necessary to perform 
many identical operations that can be interrupted at an arbitrary step 
and thus obtain relevant information about a system of (2-|-l)-dimensional 
evolution equations belonging to the integrable 2DTL hierarchy. Then, 
this algorithm has been generalized to the case of the = (1|1) super- 
symmetric 2DTL equation, and an infinite class of bosonic solutions to its 
symmetry equation has been constructed in [0. However, supersymme- 
try suggests that the symmetry equation possesses fermionic solutions as 
well, and they are responsible for fermionic flows of the hierarchy. Ref. 
1^ dwelled upon this problem and derived a wide class of fermionic so- 
lutions. Bosonic and fermionic solutions generate bosonic and fermionic 
flows of the = (1|1) supersymmetric 2DTL hierarchy in the same way 
as their bosonic counterparts - the solutions to the symmetry equation of 
the 2DTL - produce flows of the 2DTL hierarchy. 

For a more complete understanding of an equation and its solutions it 
seems necessary to know as many solutions to the corresponding symmetry 
equation as possible. But a symmetry equation represents a complicated 
nonlinear functional equation, and its both general and particular solu- 
tions are not known in general. Moreover, in general there even exists no 
algorithm to solve this problem. As an illustration of the latter fact, let us 
mention, e.g. the unsolved yet problem of constructing symmetries to the 
A^ = (0|2) supersymmetric 2DTL equation proposed in Q. Due to this 
reason the algorithm developed in [jl], ^ and the resulting solutions to 
the symmetry equations corresponding to the 2DTL and A^ = (1|1) 2DTL 
equations, as they have been presented so far, may appear to have come 
out of the blue, and it is interesting to understand their origin. In this 
connection, let us point out that long ago one of the authors of the present 
paper (V.G.K.), when analyzing an application of difference equations to 
solving problems of mathematical physics, developed an efficient approach 
to constructing solutions of some relativistic equations (for details, see refs. 
1^, H, H, |10] and references therein) . Then this approach was success- 



fully applied in [11, 12| to investigate the field theory with the momentum 
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space of a constant curvature where difference equations naturally arise in 
the configuration space and the lattice spacing is defined by the inverse 
radius of the curvature of the initial momentum space. Furthermore, it 
was recently adapted in |T3[ to the case of the gauge field theory. It turns 



out that this approach is also instructive in the context of the problem 
under consideration. Thus, our goal here is to establish the origin of the 
algorithm and symmetries of refs. |^, |^ by reproducing them in the 
framework of the previously known integrable discrete hierarchies - the 
2DTL [jl4| and super- Toda lattice (STL) [1^ hierarchies - containing the 



2DTL and N = (1|1) 2DTL equations, respectively, as subsystems. 

It is time to explain how we were led to this construction. Refs. 
H, H, I, 1^, H, P, |lOl and 0, |l5l can be considered ancestors of the 



present paper. As one might suspect, there is a correspondence between 
symmetries of the 2DTL and = (1|1) 2DTL equations and flows of 
the latter hierarchies, but this correspondence is however rather nontriv- 
ial. Thus, the 2DTL (STL) hierarchy has been defined in (llll) as 
a system of infinitely many equations for infinitely many fields, while the 
2DTL (A^ = (1|1) 2DTL) equation involves only a single independent (su- 
per)field vqj- From the point of view of the former approach the derivation 
of symmetries of the 2DTL (A^ = (1|1) 2DTL) equation corresponds to ex- 
tracting those 2DTL (STL) hierarchy equations which can be realized in 
terms of the (super)field vqj alone after excluding all other (super)fields 
of the 2DTL (STL) hierarchy. Keeping in mind this correspondence it is 
quite natural to suppose that the algorithm 0, Q of constructing sym- 
metries of the 2DTL and A^ = (1|1) 2DTL equations is encoded in the 
structure of these hierarchies. In the present paper, we demonstrate by 
explicit construction that this is indeed the case at least with respect to 
bosonic symmetries. 

The paper is organized as follows. In sections 2 and 3, we reproduce 
the algorithm 0, Q of constructing bosonic symmetries of the 2DTL 



and A^ = (1|1) 2DTL equations starting with the 2DTL and STL 



15] hierarchies, respectively, following the methodology of operating with 
difference equations developed in [|, ^, |^, |^, ^ |TD[ . Furthermore, we also 
establish algebras of both fermionic and bosonic symmetries which were 
only conjectured in |^, ^, discuss peculiarities of constructing fermionic 
symmetries as well as propose related new problems to be solved in future. 



In section 3, as a byproduct we also prove the proposed in ||T6[ conjecture 
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regarding an N = (2|2) superfield formulation of the STL hierarchy. In 
section 4, we solve the problem of constructing solutions to the symmetry 
equation corresponding to the N = (0|2) supersymmetric 2DTL. Thus, we 
first propose the new = (0|2) supersymmetric 2DTL hierarchy which 
contains the N = (0|2) 2DTL equation and then construct both bosonic 
and fermionic symmetries of the latter equation as well as their algebra. 
We also discuss an = (0|2) superfield formulation of the N = (0|2) 2DTL 
hierarchy. Section 5 is devoted to a generalization: We propose a wide class 
of new supersymmetric integrable hierarchies whose first representative is 
the = (0|2) 2DTL hierarchy. In section 6, we present a short summary 
of the main results obtained in the paper. 



2 2DTL hierarchy and symmetries of 2DTL 
equation 



In this section, based on the 2DTL hierarchy of ref. fT^, we develop a 
general scheme for constructing symmetries of the 2DTL equation and 
their algebra and as a byproduct establish the origin of the symmetries 
constructed in ilH. 



2.1 Lax pair representation and flows 

Our starting point is the Lax pair representation of the 2DTL hierarchy 



mm 



with the two Lax operators L'^ and L 



L^ = T. «..e(i-^)^ L- = Y: Vk.e^'-'^', (2) 

k=0 k=0 



uqj = 1, voj 7^ 0, (3) 
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which generates the abehan algebra of the flows 

[d^ , on = [d^ , df] = 0. (4) 

Here, the bosonic fields Ukj = t^}) and Vkj = VkjUtn^t:^}) are 

defined on the lattice, j e Z, and are evolution times; := and the 
subscript + (— ) means the part of an operator which includes operators 
e'^ at / > (/ < 0). Hereafter, the operator e'^ (/ G Z) is the discrete 
lattice shift which acts according to the rule 

e^^Ukj = Ukj+ie^^, e^^Vkj = Vkj+ie^^. (5) 
In this section, we will also use the following useful notation 

oo oo 
fc=0 fc=0 

where {u^kj , v^^^} (u^j = Ukj, v^j = Vkj) are the functionals of the 
original fields {ukj, Vkj} whose explicit form is not important for further 
consideration but the explicit form of the following functionals: 

4? = 1 (7) 

which can easily be found using eqs. 

The following set of operator equations: 

d^{L-r = m^r)± , (L-n, n,meN (S) 
is identically satisfied as a consequence of eqs. (||), and the corresponding 

(m) (m) 
''k,j 5 '^k,j 



system of evolution equations for the functionals {u^^f , v^^^} can easily 



be derived from them. It reads 

n 

_ (") M -7/(") 7/(™) ^ (q) 

'~'n"'k,j A^\"'p,j "'k-p+n,j-p+n "'p,j-k+p-n+m"'k~p+n,j ) i 
p=0 



n-1 

'^n"'k,j A^\"p,j "'k+p-nj+p-n ^p,j-k-p+n+m"'k+p-n,j ) i K'-^ ) 

p=0 
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(m) 



n 
p=0 



(n) (m) 



(n) 

p J+fc+p— n- 



„V 



(m) X 
k+p—n,j J 1 



'ID 



n-l 

n ^k,j P,j k—p+n,j+p—n p,j+k—p+n—m k—p+n,jJi \ J 

p=0 

where all fields {^ij^ "^ij^i right-hand side should be put equal to 

zero at < 0. 



2.2 Symmetries of 2DTL equation 

The 2DTL hierarchy is a system of infinitely many equations for 

infinitely many fields {ukj, v^j}, while the 2DTL equation 

d^dt In vqj = -voj+i + 2voj - Vqj^i (13) 

represents its first fiow and involves only the single lattice field voj and 
two evolution derivatives, di and di. The 2DTL equation ([13| ) can be read 
from eqs. (p!0|-[Tl]) if eqs. (|l^) are restricted to the values {n = m = k = 1} 

d^uij = voj - vo,j+i (14) 

and eqs. (pT]) to = m = 1, A; = 0} 

dt vo,j = vo,j{uij - Mij„i), (15) 



and then the field Uij is eliminated from eqs. ([T^-[15D. 

Now we would like to demonstrate that symmetries of the 2DTL equa- 
tion (|T3[) can be decoded from the system (p|-p!^). 

First, one can easily observe the existence of the following subalgebra 
of the fiow algebra (|): 

[dt , d^] = [d^ , d^] = (16) 

which is valid by construction of the 2DTL hierarchy, i.e. the fiows 
of the 2DTL hierarchy commute simultaneously with both the derivatives 
{di and (9f ) entering into the 2DTL equation (|TBp. The latter remarkable 



property is a necessary, but not sufficient condition for the flows to 
form symmetries of the 2DTL equation ([T3|). Nevertheless, keeping in 
mind this property it is quite natural to suppose that the flows form 
the symmetries (see, ref. for slightly different arguments), although to 



complete the proof, we have additionally to show that they can in fact be 
realized in terms of the 2DTL field foj- alone. 

Second, with the last goal in mind let us discuss the above-mentioned 
candidates to be the symmetries, 

^n^^d = +^0,i(Mij - wij-i) (17) 

and 

^n'^Od = -'"0,j{Vn] - VnJ-l), (18) 



in more detail. When deriving these equations, we have used eqs. ([T1H12D 
at {m = 1, A; = 0} and the useful relation 

resulting from the simple, obvious identitity {L~)"'L~ — L~{L~)^ = 0. It 
turns out that the functional u^j and vl^j in the right-hand side of eqs. 
(p!7|) and ([TSp can in fact be expressed in terms of the field Vqj alone by 
excluding all other fields of the 2DTL hierarchy by means of the flows di 
and di, respectively, entering into the system (^-[1^). In order to see that, 
let us analyze eqs. (|10D and (0), respectively, at n = 1 

"fcj - V0,jUk-l,j-l - Vo,j-k+m+lUk-ij, (,2Uj 



Equation ( piD can easily be transformed into a more useful form for a 
further analysis which is similar to eq. (pOl). Thus, using the relations 



m—k 

uij - uij+k-m = +dt In n voj+k-m+n, m> k (22) 

n=l 
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(m) 



resulting from eq. (|I5[) and introducing the new basis v(!^ 
ing to the formulae 



_{m) 



(m) 



eq. (^) becomes 



(m) 



Am) 



m—k 



TT 

,i 11 ^0 



,j+k—m+n 



n=l 



dp 



Am) 



~(m) ~(m) 



m > k, 



m > k. 



accord- 



f23l 



(24) 



A simple inspection of (^) and (|2^) shows that they in fact allow one to 



express m^"] and in terms of vqj. Indeed, eq. 



,{«) 



recurrent relation connecting the functional u^"- (f^"-) with u^J*! j ( 



represents a 



Being iterated with the simple starting value Uq 



(n) 



1 (0) 



,(n) 



'k-l,iJ- 
1), it 



generates a very nontrivial expression for the functional u^^] (fi"] = f,^""* 



in terms of foj after the n-th step of the iteration procedure. The latter, 
in turn, yield the symmetries 5^fo,j and O'vqj to the 2DTL equation (|T3|) 
via eqs. (^) and (|18D. 

Let us remark that the 2DTL equation ([TsD possesses the involution 

{dtr = df, {vo,r = vo,-j, (25) 

which relates the symmetries (0), (^Of ) with the symmetries (|l^), (|23| -p4D, 
according to the following rule: 



id, 



[u 



(m)x 



Am) 
k,i-j-li 



(m)^ 



u 



(m) 

k,i~j — li 



(26) 



where i G Z is a fixed number. Besides the involution (p5|-|26|), there exists 
also another involution 



^0, 



(27) 



Applying this involution to equations (|T8D and (24) and introducing the 
following notation: 



U 



(m)- 
k,i-j-ly 



U 



(m) {m)+ 



U 



k,j 



(28) 



equations (T7-|THp, ( POD and (^) can be rewritten in the following unified 
form: 



/ (n)± 
^Oj(<j 

(n)± 



(n)± X 
n,j-l)j 

(n)± 

"^OJ-k+n+lUk-lJy 



U. 



(n)± 
0,j 



1. 



(29) 



The symmetries ( pUD of the 2DTL equation ( ]r3| ) reproduce the solu- 
tions to the corresponding symmetry equation derived first in [|^ by a 
rather heuristic construction, while the algebra @ of the symmetries was 
not established there. One of the advantages of the general, algorithmic 



procedure, developed here, is the derivation of both the symmetries ( pOj) 
and their algebra (^. As a byproduct we have also established the origin 
of the symmetries discussed in 

In next sections we extend the above-developed scheme of constructing 
symmetries of the 2DTL equation to the case of supersymmetric Toda 
lattices and discuss supersymmetric peculiarities related to fermionic flows 
and their algebras. 



3 N=(2|2) supersymmetric 2DTL hierarchy 

In this section, we establish the relationship between bosonic symmetries 
of the = (1|1) supersymmetric 2DTL equation constructed in M and 



bosonic flows of the STL hierarchy of ref . |T5[ . We also discuss the subtle 
point for a relation between fermionic symmetries of the N = (1|1) 2DTL 
equation constructed in ^ and fermionic flows of the STL hierarchy ||15|| , 
and establish the algebra of both bosonic and fermionic symmetries. 



3.1 Lax pair representation and flows 



The Lax pair representation of the STL hierarchy is [15 



= (-1)"(((L±):) - 



+ i(l±l)(l-(-ir)(L+) 



n+1 



+ ^(iTi)(i-(-ir)(^")rs neN, 



(30) 



A:=0 



k=0 



(31) 
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uoj = 1, voj 7^ 0, (32) 
and it generates the non-abelian algebra of the flows 

[D+ , Df} = [D^ , Df^] = 0, {Dt,^, , Z}±+i} = 2/^2%+^+!) (33) 
which may be reahzed via 

oo 

-^2n = ^2n5 -^2n+l = ^2n+l + X/ ^2«-1^2(fc+Z) ' (34) 

1=1 

where Df^ and tf„ (-D^+i and t^„^_]^) are bosonic (fermionic) evolution 
derivatives and times, respectively; U2k,j{{tn,t~}) and V2k,j(y{tn,tn}) 
( ti2fc+i,j({tn , t^}) and f2A:+i,j({tJ, t~}) ) are bosonic (fermionic) lattice 
flelds. Hereafter, the subscripts (superscripts) * ( *{n) and * ) are deflned 
according to the rule [jl5|: 

(L±)r := ((L±)*L±)^ (L±)r+^ := L±((L±)*L±)", 
(L±)*(2") := L±, (L±)*(2n+i) .= (/^±)*^ 

(L±[Mfej,t;fcj])* := L^[uIj,vIj], {uk,j,Vk,jy := (-l)^(Mfcj, w^j). (35) 
In this section we will use the following notation: 

oo oo 

{L^)T ■■= E 4? e(™-^')^ (L-)r := E ^^^e^'^-)^ (36) 

k=0 k=0 

where {m^^], i;^^]} and {u^^lij, v^^l^^} (m^ = Ukj, 4!] = ^^fej) are 
bosonic and fermionic functional of the original flelds {ukj, Vkj} whose 
explicit form is not important in what follows but 

4? = 1- (37) 

The operator equations 

D^{L+y: = (-i)""(((L±):)±)*("^)(L+)r - ((L+)r)*("n(^^):)± 

+ i(l±l)(l-(-l)"™)(L+):+^ 

D^iL-r: = (-i)"'"(((L±):)±)*(™)(L-)r - ((L-)r)*("H(^^):)± 

+ i(lTl)(l-(-l)"")(L-):+-, n,mGN (38) 
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are identically satisfied on the shell of the original equations and 
reproduce the latter at the value m = 1. Let us remark that they can 
identically be rewritten in a rather standard Lax pair form if artificial 
fermionic parameters e„ and 6^ are introduced, 

x[(nL(«^i*))„_„„„.n::,feii. (39) 

The flows for the functionals {u^kj , "^ij^}' corresponding to eqs. (|38|), are 



n 



_(2m) _ Y^^^_(n)^_(2m) 

-p+n,j—p+n 

p=0 



lN(p+n)(fc-p+n) (n) (2m) x /^^x 



2n 

_ /-iWfc-p) (2n) (2m+l) x / . . n 

^ "p,j-fc+p-2n+2m+l"fc-p+2njV' \^^) 



n+ „,(2m+l) _ '^..^xp+l (2n+l) (2m+l) 
-^2n+l"'k,j ~ Z^U -"-J "p+2n+l,j"fc-p,jr--p 



p=l 

np(fc-p)„(2n+l) „,{2m+l)x ..^x 

-■-J "p+2n+l,j-fc+p+2m+l"fc-p,j J) l^^J 



n-1 

r)-„,M _ \^((_1\iP+n)m (n) (m) 
^n"'k,j Z^VV ^p,j "'k+p-n,j+p-n 

p=0 

_ /_i\(p+n){fc+p-n) (n) (m) s /.^X 

I ^p,j-k~p+n+m"'k+p~n,j ) 1 V*'^ ) 



^nM7 = E((-l) 



" Z^VV -^7 "'p,j '^k+p-n,j-p+n 



p=0 

iN(p+n)(fc+p-n) (n) (m) x 

/ "'p,j-\-k+p—n—m^k+p—n,j J ^ \ J 
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^k,j 



n-1 



(ra) (2m.) 



k—p+n,j+p—n 



p=0 



.(p+„)(fc-p+„) (n) 



(2m) 



^p,j+k—p+n—2rnPk—p+n,j) ' 



(45) 



(2m+l) 



2n'^k,j 



2n-l 
p=0 



P„(2n)y(2m+1) 



fc— p+2n,j-|-p— 2n 

(2m+l) 



iNp(fc-p) (2n) 

"p,j+k-p+2n-2in-l^ k-p+2n,j ) 1 



(46) 



,,(2m+l) _ -^.^ ,^p+l (2n+l) {2m+l) 
-^2n+l^fc,i ~ Z^U -"^Z "p+2n+l,j"k-p,j+p 

p=0 

I /_l\p(fc-p)„,(2n+l) „,(2m+l)x . 

I -"-J >+2n+l,i+A:-p-2m-l^A:--p,j ^ V^' ) 

where all fields {^ij^ "^'ij^l right-hand side should be put equal to 

zero at < 0. When deriving eqs. (|^) and (^7]) we have used the follow- 
ing identity: 2(L±)^("+"^+^) = ((L±)r+i)*(L±)r+i + ((L±)r+i)*(L±)f +i 
which can easily be verified using the definitions (|35|) . 



3.2 Bosonic symmetries of = (2|2) 2DTL equation 

The = (2 1 2) supersjTumetric 2DTL equation belongs to the system 
of equations (^0| -^). In order to see that, let us consider eqs. (|43|) at 
{n = m = k = 1} 

D-uij = -voj - voj+i (48) 

and eqs. ( ^Ij ) at {n = m = l,k = 0} 

D^voj = Voj{uij - uij_i). (49) 

Then, eliminating the field Uij from eqs. (^8 H49|) we obtain 

D^D^ Invoj = voj+i - Vo,j-i. (50) 

Equation (|50|) reproduces the = (1|1) superfield form of the = (2|2) 
superconformal 2DTL equation (see, e.g. refs. []TB|, ^ and references 
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therein) which is the supersymmetrization of the system of two decoupled 
2DTL equations (|^). Indeed, it terms of the superfield components 

fj = ^oJ, 'yf = {V^lnvo,j)\, (51) 

where fj {'Jjjjj) are bosonic (fermionic) fields and | means the —>■ 
limit, eq. (BDF) becomes 



- /j+i7j+i77+i + /i-i7/_i77-i, 
Td^lf = f,+il7+i - fj-ilj-v (52) 

Then, denoting Vj := fj-ifj in the bosonic limit when all fermionic fields 
are set to zero, we finally obtain the equation 

d^dl \nvj = -Vj+2 + '2vj - Vj-2 (53) 
which obviously splits into the system of two decoupled 2DTL equations 



(p^) for the functions at even and odd lattice points, i.e. V2j and V2j+i- 

Now, we would like to discuss how bosonic symmetries of the N = (2|2) 
2DTL equation (^) originate from the system (^0|-^7|). It appears that 
the approach developed in the previous section for the case of symmetries 
of the bosonic 2DTL equation (|13D can straightforwardly be extended to 
the present case. 

First, let us derive the flows D^vqj and D'vqj of the STL hierarchy 



considering eqs. at {m = 1, A; = 0} and eqs. (|i6|-^7D at {m = k = 0}, 

D^VO, = +VoA^n} - ^nll) (54) 

and 

^n^Oj = -Vojiv^n^j - ^^^-l), (55) 



respectively. When calculating eqs. (^5]), we have used the relation 



2n 

J2((-'^y'"?f^2n-p,j+p-2n - (-l)^'^pj"i2n-p-1^2n-pj) = (56) 

resulting from the identitity ((L~)^")*L^ — L^{L~)l^ = following from 
the definitions (^). 
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From the algebra ( P5| ) one can easily observe that only bosonic flows 
commute simultaneously with both the fermionic derivatives Df and 
entering into the N = {2\2) 2DTL equation {^), 

[Dt , Dl] = [D- , Dl] = 0, (57) 

while the fermionic flows -D2n+i do not satisfy this property. Due to this 
reason, the bosonic flows Df^ (|51|-pB|) form symmetries of the N = (1|1) 
2DTL equation ( pOD if one can possibly express the functionals ^2^"] and 

v^^] the right-hand side of eqs. (|54D and (|55D in terms of the fleld vqj 
alone, while the fermionic flows Df^+i do not. 

With the aim to express u^j and v^j in terms of voj, let us consider 
eqs. (H) and (||) at n = 1 ' 

= (-l)"^o,.43,-i + i-l)%,-k+n.+iutip (58) 



^M:^ - - u,,^,-^) = (-l)-4-!.+i + i-irvtir (59) 

Substituting 

m— fe 

"ij ^ ^ij+fc-m = In Jl t;oj+A:-m+n, m > (60) 

n=l 

derived from eq. (|49| ) into eq. ( |59D and introducing the new basis v^^^ =^ 
vl^\ according to the formulae 

m—k 

= '"kj = ^fc? n vo,j+k-m+n m> k, (61) 

n=l 

eq. (^) becomes 

^M:;^ = (-ir^o,,>i41,+i + (-l)'=^o,,>.-^^^^^^^ m>k (62) 

and has the form similar to eq. (pH]). 

The equations (^8]) and (^) derived represent recurrent relations which 
being iterated with the starting values Mq"- = 1 (|37|) and v^j = 1 allow one 
to express the functionals m^"] and v^j = v^j in terms of Vqj after the n-th 
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step of the iteration procedure. The latter yield the bosonic symmetries 
D2nVo,j and D^^foj to the N = (1|1) 2DTL equation ([50| ) via eqs. (p4D 
and (EB)- 



Let us remark that the = (2|2) 2DTL equation (|50D possesses the 
following involution: 



which relates the flows (|5|), (|5|) with the flows (|5D, (|T]-il), 



(m) \ 



~-(m) 



U 



(m) 

fe,j— -J — 1' 



(63) 



(64) 



where z G Z is a fixed number. Besides the involution (|5^51), there exists 
also another involution 



{D^r = D^, (vo,)' = ~vo,-r (65) 
Applying the latter to (ESf) and (p^ and introducing the notation 



^(m)^ 



(m) 



the flows (|4|-||), dl) and (H) finally become 



(n)± 



(n)± X 
n ,j — 1/ > 



(n)± 



(67) 



The bosonic flows D^, resulting from eqs. 



^2n^0j = ^^0,i(M2n 



(2n)± 



(2n)± X 
2nj-lJ) 



Ml 



(2n)± 
0,i 



I n=r (2n)± {2n)± / . s fc (2n)± 



(68) 



reproduce the bosonic solutions to the symmetry equation corresponding 
to the = (1|1) 2DTL equation ( ^Of ) derived in p[ by a rather heuristic 



(69) 



construction, while the algebra of the bosonic symmetries D^n 



2n ' ^2U 



resulting from eqs. (|33D was not proved there. 
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3.3 Fermionic symmetries of = (2|2) 2DTL equa- 
tion 

In this subsection, we discuss the origin of the fermionic symmetries, pro- 
posed in 1^, of the = (1|1) 2DTL equation (|50D and construct their 
algebra. 

For completeness, we would like to start with the derivation of a close 
set of equations for the functionals m^^J"* aiming to reproduce the solutions 
corresponding to fermionic symmetries first observed in 

With this goal in mind, let us consider eqs. ( ^OD at n = 1, 

Dfu^kf + (-l)'=ug?(«l.-.H-2n - U,,) = + (70) 

Then, using the recursive substitution (0), we express the functionals 
u]^^ij in the right-hand side of eqs. ( [70D in terms of the functionals u^kj^; 
particularly, we also use the relation 

Ul,j-k+2n — Uij = {Di ) ^{Vqj + "^Oj+l ~ 'i^0,j-k+2n — Voj-k+2n+l), (71) 

and as a result, we elaborate the following close equations for the function- 
als u^^J^ at different lattice points (j — 1, j and j + 1), but with the same 
subscript k 

+■^0^+1 ~ VQj-k+2n) 

(2n) (2ra) 
= (^1 ) (^OjMfcJ-l - Voj^k+2n+lUkj+i 

+ {-l)\vo,+, - Vo,^k+2nWkf) (72) 

which reproduce the corresponding equations derived by a heuristic con- 
struction in @, If. According to P, §], equations (^) can be treated as 
the result of the application of the recursive chain of substitutions (0) to 



the symmetry equation corresponding to the symmetries (|68|) of the 
N = (2 1 2) 2DTL equation (pUI). In other words, equations ( |7^ represent 
the consistency conditions for the algebra (|57| ) realized on the shell of the 
N = (2 1 2) 2DTL equation (|50|). Due to this reason, we can forget for a 
moment about their hierarchy origin and discuss their solutions which will 
be relevant for further consideration. 
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At A; = 0, equation (^) possesses a very simple, constant solution 
Uq^J^ = 10 which reproduces the condition ( P7| ) for the hierarchy we 
started with. As it has already been explained in the previous subsection, 
this solution generates a very non-trivial solution for the functional u^2n] 
via eqs. (^) as well as the bosonic symmetry D2n'Vo,j to the = (1|1) 
2DTL equation (ID via eq. (H- 



It turns out that eq. (jT^) possesses also a fermionic, lattice-dependent 
solution at = — 1, namely |^ 

= i-iy^'e, (73) 

where e is a dimensionless fermionic constant. It remains to show how 
fermionic symmetries are being activated. With this goal in mind, let us 
represent the bosonic time derivative -D^ corresponding to the solution 
(|7^) and the functional u^^j^ which enter eqs. (0), (|58D, ( [73| ) and (|57| ) in 
the following form: 

Dtn--=eVUi, utf:=eU^Zf^ (74) 

defining a new fermionic evolution derivative T>2n+i and the functionals 
lA^^^^'^^ . Then, the fermionic constant e enters linearly into both the 
sides of eqs. (H), (il), (^) and (|57D which now become 

{Dt , = {Dr , P^+J = 0. (76) 



When deriving eqs. (fTq- lTq) we have substituted eqs. (^) into eqs. (0), 
(P^), ( |73D and (0), and additionally used the involution ( p5| ) and notation 
(|6^). Therefore, the flows 2^2m+i do not actually depend on e, so e is 
an artificial parameter which need not be introduced at all. The most 
important fact however is that I^2m+i anticommute with the fermionic 
derivatives Df (^) entering into the A^ = (2|2) 2DTL equation ( ^0|) by 
construction, and due to this reason, they form symmetries of the A^ = 



;2|2) 2DTL equation (|0D. 

Although the existence of the symmetries Vf^^i (|75D was established 



in P], their algebra was only conjectured by extending the algebra of a 
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few first bosonic and fermionic flows explicitly derived there. Now, we are 
ready to rigorously establish the algebra of all the bosonic Vf^ (|6^) and 
fermionic I'2n+i (El) symmetries in the framework of the developed here 
approach. 

Our strategy comprises a few steps. 

First, let us calculate the fermionic symmetry Vfvoj (|75D and its al- 
gebra expressing the symmetry in terms of the fermionic flow Dfvoj ( |67D 
and using the algebra (|33|) . They are 

Vfvo, ^ {-ly+'Dfvo, (77) 

and 

{Vf , Vf]v,^, = -{Df , Df]v^j = -2Dfvo,j, (78) 

respectively. 

Second, we use the derived relation ( [77|) in order to replace Df by Vf 
in the expressions both for the bosonic ( |68D and fermionic ( fTSD symmetries, 
then transform them to the new basis 

:= c,(-i)('=+i)(^-+xr'^^ ■■= c.(-l)'^■^^??^ 

T^tn+l '■= C2n+1^2n+li '^2n '■= C2n-D^„, C2n = C2n+1 = ("1)" (79) 

which is defined by a single requirement that the form of the symmetries 
in this basis is as close as possible to the form of the flows (^) of the 
STL hierarchy whose algebra ( P3| ) is known. In the new basis ([79|), the 
symmetries (|68|) and ( ffSD as well the algebra ( ffSD become 

^nV0,j = Vo,j{Kj -<j_i), Moj =1. 

±P?Sg^ = (-l)"%.4-t,-l + (-1) V.-.+n+l4-?, (80) 

and 

{Vf , Pi^} = 2V^, (81) 

respectively. When deriving the second line of eqs. (pOf), we have first acted 
by the fermionic derivative Df on both sides of the second line of eqs. (|68D 
and ( [75| ) and then used the latter once more together with eqs. ([r^-[79|) and 
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. A simple comparison allows one to immediately observe that ( PD| ) and 
(pip coincide with the expressions for the flows D"^ (|67|) and the algebra 
of the derivatives (^), respectively, where, however, the evolution 
derivatives are replaced by V^. The obvious, important consequence 
from this observation is that the algebra of the evolution derivatives 
has also to reproduce the algebra of the evolution derivatives (^). 
Thus, we are led to the following formulae for both this algebra and the 
algebras ([78|), ( |F7| ) as well as ( [75| ) transformed to the basis ( [TUD 



and 



[Dt , V^} = [D^ , V^} = 0. (83) 



By construction, the algebra ( [8^ ) forms a symmetry algebra of the 
= (2 1 2) 2DTL equation (0). However, one can easily understand that 
the fermionic symmetries 2^2n+i (HID ^Iso symmetries of the bosonic 
flows (|68|) of the STL hierarchy because of the following commutation 
relations: 

[1^tn+l , D^l] = P2n+1 , Dfil = (84) 

resulting from the algebra (0) and the relations ([79D. 



Let us also point out that bosonic and fermionic symmetries of the 
one-dimensional reduction of the N = (2|2) 2DTL hierarchy — the = 4 
supersymmetric Toda chain hierarchy — were analyzed in detail in 



The existence of the fermionic symmetries 'Df^_^_i (^) means that the 
Lax pair equations (0), we started with in this section, are not complete 
because they do not contain fermionic flows which would correspond to 
these symmetries. Therefore, the new problem arises: it would be interest- 
ing to construct both additional evolution equations for the Lax operators 

(HI) generated by the fermionic symmetries Vf^^i (|75|) and commuta- 



tion relations between the latter and the fermionic flows -D2n+i ( FH ) of the 
STL hierarchy. The detailed analysis of this rather nontrivial problem is 
beyond the scope of the present paper and will be considered elsewhere. 
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Let us only mention that a similar task has partly been discussed in pi 
in a slightly different context. 

To close this section, let us brieffy discuss one of the consequences of 
the results derived in this subsection which is important in the context of 
the problem of constructing an = (2|2) superfield formulation of the 
bosonic flows Df^ (^Sp of the STL hierarchy. Quite recently this problem 
was considered in [|l6l basing on the conjecture partly proved there (for 
more details, see ref. []TB|)- terms of the objects introduced in the 
present paper this conjecture can be reformulated as a conjecture about 
the validity of the following constraints: 

(Vf + Df)Dii vo,2j = 0, {Vf - Df)D^, vo,2j+i = 0, (85) 
(Vf + Dt)Dii vo,2j = 0, {V^ - Dt)Dt, vo,2,+i = 0. (86) 



The proof that the constraints ( pSj ) are in fact satisfied is given in |]TB|. 
As concerns the remaining constraints (0), only evidence in their favour 
was presented there by confirming them (and (^)) explicitly for the first 
three bosonic fiows {n = 1, 2, 3) from the set (p8|). Here, we are ready 
to prove this conjecture. Thus, using the relations (|77D represented in the 
equivalent form 

(Vf + Df)vo,2j = 0, {Vf - Df)vo,2j+i = 0, (87) 



the constraints (|85|^6D can identically be rewritten in the following form 



more convenient for a further analysis: 

[Vf + Df , Df^] vo,2j = 0, [Vf - Df , Dfi] vo,2j+i = 0, (8^ 



[P± + D± , Dfi] vo,2j = 0, [P± - Df , Dfi] vo,2j+i = 0. (89) 

It is a simple exercise now to verify that the correctness of the conjecture 
in the form of equations (p^-|89|) is a direct consequence of the algebras 
(0) and 
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4 N=(0|2) supersymmetric 2DTL hierarchy 



In this section we propose the new, = (0|2) supersymmetric 2DTL 
hierarchy which includes the N = (0|2) superconformal 2DTL equation 
derived in and construct both bosonic and fermionic symmetries of the 
latter. 

4.1 Lax pair representation and flows 

Let us start with the following set of the consistent Lax pair equations: 

+ (i-(-ir)(L+):+\ 

D^aL- = {{L^):hL--{L-)<-\{L+):)^, 

L- = , L-], neN, (90) 

oo oo 

L^ = Y. uu,e^'-'^^ L- = Y: Vk,e^'-''>^ (91) 

k=0 k=0 
Uoj = 1, Vo^2j+l = 0, Vo,2j 7^ (92) 

generating the non-abelian algebra of the flows 
which may be realized in the superspace {t^,t2n} 

oo 
1=1 

where Df^ and tf^ {D2n+i and t2n+i) are bosonic (fermionic) evolution 
derivatives and times, respectively; U2k,j{{tny't2n}) and V2k,j{{tt^'^2n}) 
( U2k+i,j{{tt^'^2n}) and V2k+i,j{{tn,t2n}) ) are bosonic (fermionic) lattice 
fields. 
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In what follows we will show that the N = (0|2) 2DTL equation |Q 
belongs to the set of equations (|90D and due to this reason we call it the 
= (0|2) supersymmetric 2DTL hierarchy. 

Let us introduce the following useful notation: 

oo oo 

:= E wS^e^™-'^)^ {L-r := E ^'^e^'^"^")^ (95) 

fe=0 k=0 

which will be used in this section. Here, {u^2kjj '^2kj} ^"^^ {'^2k+i,j^ '^2k+i,j} 
= Ukj, ffcj = Vkj) are bosonic and fermionic functionals of the 
original fields {ukj, Vkj} whose explicit form is not important for the 
further consideration but the explicit form of the following functionals: 

4:^^ = 1, 43+1 = 0' 43^0 (96) 
which can easily be found using eqs. (p2D. 

One important remark is in order: the Lax pair representation (|90|-pTl) 
supplied by the constraints ( p2D cannot be obtained by reducting the Lax 
pair representation (^0|- |32|) of the N = (2|2) 2DTL hierarchy. Indeed, if it 
would be the case, then the Lax operator L~ (^) had the square root of 
the form 

°° /In 

{L-) = ((L-)^)*(L-)i (L-)^ = E .^geC^-i)^ (97) 

k=0 

which reproduces the original Lax operator (^Tj) of the = (2|2) 2DTL 
hierarchy, and as a consequence of eqs. (|97|) , the field Vqj admits the 
following representation: 

vo, = 4^4-1- (98) 
However, the latter is inconsistent with the conditions (p2D; so we come to 
the contradiction. Therefore, the conclusion is that the N = (2|2) 2DTL 
hierarchy cannot be reduced to the = (0|2) 2DTL hierarchy. 

The following operator equations: 

D+(L+)r = (-i)"™(((L+):)+)*(™)(L+)r 

- ((L+)r)*(")((^^):)+ + (1 - (-!)")(/.+):+'", 
D^iL-r^ = {{L+):)+{L-r - ((l-)™)*W((l+):)+, 
D^rXL^r: = (((L-)")_)*('")(L+)r - {{L+rm-y)-. 

D^^{L-r=[i{L-r)^,{L-r], n,meN (99) 
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corresponding flows for tlie functionals {u^^f , f^™''*} are 



are identically satisfied on the shell of the original equations (PP]), and the 

(m) (m) 



p,+ (2m) _ V-/ (n) (2m) 
-^n "fc.j Z-^\ P-j "'k~p+n,j-p+n 

p=0 

_ (_1\iP+n)ik-p+n) M (2m) x /.^^x 

I "'p,j-k+p-n+2m^k-p+n,j)i \^^^ ) 



n+„,(2m+l) 
^2n"'k,j 



2n 



E((-iy 



(2n) (2m+l) 

P.i "fc-p+2n,j-p+2n 



p=0 



I^p{fc-P).,(2n) 



(2m+l) N 
'p,j-k+p-2n+2m+l "'k-p+2n,j) y 



(101) 



,+ „,{2m+l) _ '^...xp+l (2n+l) (2m+l) 
2n+l"fej ~ Z^VV / "'p+2n+l,j"fc-p,j-p 

p=l 

_|_ ( — 1)P*^ ^'''^p+2n+l,j-fc+p+2m+l''^fc-pj )' i^^'^) 



2n-\ 

-'^2n"fcJ ~ U -"-J ^p,j "'k+p-2n,j+p-2n 

p=0 

_ / -|Np(fc+p)„.W „ M /'1QON 

^ >j-fe-p+2n+m"'fe+p-2njV5 K^^'^J 



n 

^n^k,j A^\"'p,j "k+p-n,j~p+n 
p=0 

_ )( '+p ^ttpj_,_^_(_p_„_2„f^_,_p„„j-), (104) 



2n-l 

^2n^kj ~ I'^pj ^fc-p+2raj+p-2n 



p=0 

'-'pj+A;— p+2n— 2m'^A;— p+2n j' J 5 

(m) (m) 



1)^^ ''^'^lj>fc-p+2n-2m'^i-p+2n,j)5 (^O^) 



where all fields {UkJ j "^fc.j } ^^e right-hand side should be put equal to 
zero at < 0. 
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4.2 Bosonic symmetries of = (0|2) 2DTL equation 

Now, let us demonstrate how the = (0|2) 2DTL equation and its sym- 
metries originate from this background. 

With this goal in mind, let us consider eqs. ( |1(J4| ) and ( |1(J5| ) at {m = 

l,k = 0} and {m = k = 1}, 

D^V0,2j = +V0,2j{ui^}j - U^niu-l))^ (106) 



r-i+ ("■) / 1 \ra / (n) (n) \ 

^>l,2i = -^0,2j<_i,2{j-l) - (-1) ^l,2i«,2j-l - <2i), 

^>l,2i+l = +^^0,2(j+l)Mi-l,2j+l - (-l)"^^l,2i+l(Mi% - (107) 



and 



^2n^0,2i = -V0,2jivin,2j " ^£20-1))' (108) 

^2n^l,2i = ^0,2if2„+l,2{i-l) + ^l,2i (f 2„:2i-l " ^2n,2i), 

^2~n^l,2i+l = -^0,2(j+l)4?+l,2j+l + ^l,2j+l (^^i " 4n,2j+l)^ (109) 

respectively, which involve the two fields, fo,2j and Vi_j. When deriving 



these equations we have used the conditions (|9^) and the relation 

k 

Y,{v'p^jVk-p,j+p-2n - Vk-p,jv'p^j+k-p-2) = (110) 
p=0 

aX k = 2n and k = 2n + 1 which is a direct consequence of the identitity 
(L-)"L- - L-(L-)" = 0. Equations (|I0^-|T09D can further be simplified 
if one introduces the new basis {fo,2j , vi,2j , '^1,2^-1} =^ {9ji^3i^j}i 
according to the formulae 

VQ,2j = 92j92j-U ^l,2i = 92jFj, Vi^2j-l = 92j^lFj, (111) 



where Fj,Fj (gj) are new fermionic (bosonic) fields. Then eqs. ( P.06H109D 
become 

D+ln^?, =wg-wg_„ (112) 
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DnFj = -^2i-i^^i"2i,20-i), D+Fj = +g2jui"'\^2j-i (113) 

and 

In 9j = -vtn,j + ^Si-i. (114) 

D2nFj = +5'2j-l'y2n+l,2(j-l)' ^2n^j = -fi'2i4n+l,2i-l- (115) 

Now, using eqs. (p6|) one can resolve eqs. ( [L13| ) at n = 1 and express the 
field gj in terms of the fields Fj, Fj, 

g2,-i = -DtF„ g2, = +DtF,. (116) 



Finally, eliminating gj ( p.l6|) from eqs. (|112|) and ( 114 ) we obtain the 
following set of equations for the fields Fj , Fj : 



D+lnD+F, = nl%-«i%_„ D+lnZ}+F,=«i%_,-n2(^_y (117) 



and 



-'^2n -'^l J ~ '^2n,2i "r ''2n,2j-l5 

1^2- InD+F, = -4^,-1 + <20-i)- (118) 



Alternatively, substituting gj from eqs. ( |116| ) into eqs. ( |113|) and (|115| ) we 
have 



D^F, = (/^^F,)wi"2, 20-1), D^F^ = iDtF,)u^:\,^_, (119) 



and 



-^2n-^j — (-^l"-^i)'^L+l,2(j-l)' 

D2nF, = -iDtF,)vtli,2,-i- (120) 

Now, it is necessary to express the functionals u^"- and v^^j entering 
into the right-hand sides of eqs. ( |117| - |118D (or eqs. ( |liy| - |120D ) in terms of 
the fields {Fj, Fj} in order to have a closed set of equations for the latter. 
With this goal in mind, let us consider eqs. ( |103| ) and eqs. ( |104| ) at n = 1, 

T-)- (m) (m) (m) 

^2 ""fcj - '^0,jUk-2,j^2 - 'V0,j-k+fn+2Uk_2j 

+ i-^rVl,ut\,-, + i-l)'v,,.k+n.+iut\, (121) 
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and 

Dtvt^ - {-irv^\u,, - = vt\,^, + i-lfvtl, (122) 

where Vqj and Vij should be expressed in terms of {Fj, Fj} using eqs. (0), 
(|m|) and ([1161),' 



^o,2,+i = 0, _ Vo,2, = -iDtF'j)DtF^, 

v,,2j = FjDfFj, vi,2j-i = -iDtFj)Fj. (123) 

Substituting 



2m— k 



uij - uij+k-2m = +Dt In Y[ gj+k-2m+n, 2m > k, (124) 



n=l 



obtained from eq. ( |112| ) at n = 1, into eq. (|122|) and introducing the new 



1 . (m) ^ ~(m) 

basis vl/ => vlj\ 



2m— k 



vim,j = viZ]j, 4J = n 9j+k-2m+n, 2m > k (125) 

n=l 

eq. ( [122| ) becomes simpler 

Dfvi:;^ = + i-ir9,^k-2mvt\„ 2m > k, (126) 

where gj is given in terms of {Fj, Fj} by eqs. ( |116| ). 

The equations (|121|) and ( |1 26|) derived represent recurrent relations 
connecting the functional u^"- and with {M^l^ j , u^k-2i} ^^"^ ^i-ii' 
respectively. Being iterated with the starting values {u^-lj = 0,Mo"- = 1} 
(P^) and tJq"^ = 1, respectively, they allow one to express the functional 

u^j and v^2n,j = ^2n,j terms of {Fj, Fj} after the n-th and 2n-th steps of 
the iteration procedure, respectively . The latter yield the flows and 
D^n of the fields Fj and Fj via eqs. ([TT7|) and (|lT|). 

For illustration, we present explicitly the flows (|117D at = 1, n = 2 
and n = 4 constructed by the above- described algorithmic procedure which 
allows one to pass step by step, 

D,Dt\nDtF,+, = +F,DtF, - F.+^DtFj^,, 

Dt In DtF, = -iDtF,)F, + (Dt F,+,)F,+,, (127) 
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DtF, = (DtfF,, DtF, = {DtfF,, (128) 

DtF, = -{Dt)% - 2{DtF,){D,)-\DtmDtF,) 

_ +2{{DtfF)){D,)-\DtnF,F,), 
DtF, = +{DtrF,+2{DtF,){D^)-\DtmDtF,)F,) 

+ 2iiDtrF,)iD^)-\DtnF,F,). (129) 



When deriving eqs. ( |1 28| - ) we have used eqs. ( p.27| ) in order to express 
the fields {Fj^i , -Fj+i}, appearing at different lattice points j +i, in terms 
of the fields {Fj , Fj} at the lattice point j. 

Equations ( |127| ) reproduce the = (1|1) superfield form of the 
N = (0|2) superconformal 2DTL equation which is the minimal su- 
persymmetrization of the 2DTL equation ([131) . Let us discuss this point 
in more detail. Thus, in terms of the superfield components 

V,^DtF,\, ^,^Fj\, U,^DtF,\, vl>^- = F,|, (130) 

where Uj, Vj (\l/j, \l/j) are bosonic (fermionic) fields and | means the tf^O 
limit, eqs. (|127|) become 

d+[d, ln(t/,V,_i) - + ^^_,^j_,)= 0, 

d^dt In V, = f/,+il^,+i - UjV, + {dt^j+^)^,+, - {dt^.Wy (131) 



The first equation of system ( |131D has the form of a conservation law with 



respect to the coordinate ^2 • Resolving this equation in the form 

ln(f/,V,_i) - M/,^, + ^,-1^,-1 = d+ ln(r7,_i(t2-)/r7,(t2")) (132) 
and rescaling the fields 

■= rjjUj, Vj := ^, := Vj'^j, ■= ^ (133) 
'Ij 'Ij 
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we rewrite equations ( |131D in an equivalent component 



82 Xnvj = Uj+iVj+i - UjVj + {d} ^pj+i)ipj^^ - {d^ (134) 
and superfield 



D^Dt \nDtF, = -{D+F^)F^ + (135) 



form where an arbitrary function rij{t2), introduced in eq. ( p.32| ), com- 
pletely disappears. The equations (|134|) reproduce the component form 
of the N = (0|2) 2DTL equation which can be reduced to the one- 
dimensional N = 2 supersymmetric Toda chain equations by the 
reduction constraint 82 = 82 ■ Let us also point out that bosonic and 



fermionic symmetries of this reduction were analyzed in detail in ||23|. In 
the bosonic limit, when all fermionic fields are set to zero, equations ( |134} ) 
become 



82 \'n.{ujVj_i) = 0, 82 82 Infj = Ujj^iVj^i — UjVj, (136) 
and the equation, resulting obviously from them, for the function bj = 



82 82 ln6j = — + 26j — 



(137) 



reproduces the 2DTL equation (|TBp. 

As concerns eqs. (|129|) , they represent minimal supersymmetrization 



of the Davey-Stewartson equation [24| which is the (2 + l)-dimensional 
generalization of the (1 + l)-dimensional Nonlinear Schroedinger equation. 

Let us remark that the = (0|2) 2DTL equation (|127|) as well as the 
equations ( |1 28| - P^ ) possess the following involution: 



t-]i 



(138) 
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where i G Z is an arbitrary fixed number. 

From the algebra ([93| ) we learn that only bosonic flows Df^ of the 



= (0|2) 2DTL hierarchy commute simultaneously with the derivatives 
Df and entering into the = (0|2) 2DTL equation (|T27D , 



[Dt , DfJ = [D^ , DfJ = 0, (139) 

while the fermionic flows -D2n+i do not. Due to this reason the bosonic 
flows Df^ ( |117] - |118D form symmetries of the = (0|2) 2DTL equation 



( |127| ), while the fermionic flows -D^+i do not. Conversely, the N = (0|2) 



2DTL equation ( |127|) forms the infinite-dimensional group of the discrete 



± 

2n 



Darboux-Baeklund symmetries for the hierarchy of the bosonic flows D 
(pTl-[TT8|) (particularly, eqs. ([I2q-[l29|) ). In other words, if the set 
{Fj , Fj} is a solution of this hierarchy, then the set {-Fj+i , -^j+i}, 
related to the former by eqs. ( |127| ), is a solution of the hierarchy as well. 



4.3 Fermionic symmetries of = (0|2) 2DTL equa- 
tion 

In this subsection we construct fermionic symmetries of the N = (0|2) 
2DTL equation ( |127| ) and their algebra. This construction is similar to the 
construction of fermionic symmetries of the STL hierarchy considered in 
the subsection 3.3. This permits one to present here its main steps in a 
telegraphic style and refer the reader to the subsection 3.3 for more details. 

First, let us consider eqs. ( |100| ) at n = 1, 

Dtnff + (-l)'=4y - u,,) = + i-^M:lr (140) 

Substituting 

Ml,i-fc+2n - Uij = {D^y^iVij + Vij+i - Vij_k+2n " Vl,j-k+2n+l) (141) 

derived from eqs. ( |121j ), into eqs. ( |14(]| ) the latter become 
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where vij should be expressed in terms of {Fj,Fj} via eqs. ( |123D . The 



derived system of equations ( |121| ) and ( |142| ) for the functionals u^^j^ can 
be treated as the result of the application of the recursive chain of the 
substitutions (|121| ) to the symmetry equation corresponding to the sym- 
metries O of the = (0|2) 2DTL equation ([1271) . Equivalently, 



this system represents the consistency condition for the algebra ( |139| ) re- 
alized on the shell of the N = (0|2) 2DTL equation (|127|) . Therefore, one 



can construct the relevant, for the problem under consideration, solutions 
of equations ( p.21| ) and (|142|) forgetting about both the way how they were 
actually derived and their relation to the = (0|2) hierarchy. 

It is a matter of simple direct calculations to verify that eqs. ( p.21| ) and 
( |142| ) possess both bosonic 



4y = l, 4f = 0, /<0 (143) 



and fermionic 



«5i = (-ly-'^e, «[f = 0, K-1 (144) 

solutions where e is a dimensionless fermionic constant. 

The bosonic solution ( p.43| ) corresponds to the bosonic symmetries 
( |117| ) of the = (0|2) 2DTL equation ( |127|) discussed in the previous 



subsection (see the paragraph after eq. ( |126| )) 



Now, we would like to concentrate on the fermionic solution ( |144 ) aim- 



ing to elaborate the corresponding fermionic symmetries we are looking 
for. Let us represent the bosonic time derivative corresponding to the 



solution ( |144| ) and the functionals u^.^J'' entering into eqs. ( |117|) , ( |121|) 



( |144| ) and ( |139D in the following form: 



Dtn--=eVUi, 4y:=eC"i?^ (145) 

defining a new fermionic evolution derivative 'P2n+i ^'^d functionals 
U^^~^^\ Then the fermionic constant e enters linearly into both sides of 
eqs. ([TT7D , ([12ID , (pi]) and ([I39D which now become 
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P,-, ,(2n+l) _ 7/(2n+l) 7/(2n+l) 
^2 ^k,j — '^0,jl^k-2,j-2 - 'V0,j-k+2n+3CAk-2,j 

- + (-l)'=-l.-.+2n+rf_t- (147) 



and 

{Dt , = ID2 , T^L+i] = 0, (149) 

respectively. From these equations we see that the fermionic flows I^2m+i 
actually do not depend on e and anticommute (commute) with the 
fermionic (bosonic) derivative Di {D2) ( P-49|) entering into the = (0|2) 
2DTL equation (|127|) ; so I^2m+i form fermionic symmetries of the latter. 

Now, let us establish the algebra of the fermionic symmetries 1^211+1 
dli^-ITi! 



First using eqs. ( p.46| ) and ( p.49| ) we calculate the fermionic symmetry 

vt 

VtF, = -DtF,, VtF, = DtF, (150) 

and its algebra 

{Vt , V+} = -{Dt , Dt} = -2Dt. (151) 

Then, we use eqs. ( |150| ) in order to replace Dt by Vt in the expressions for 
both the bosonic ( |117H118|) and fermionic T^tn+i (|146| - |14^ ) symmetries 



transforming them into the new basis 



V 



k 

M (_^ \k~(m) 



i-irvU^ = = (-1) 



'^tn+l '■— C2n+lT^2n+l-> '^tn '■— C2n-Dj„, 7^2^ '■— -Dj^ (152) 

which is defined by a single requirement that the form of the symmetries 
in this basis is as close as possible to the form of the flows D^ and Z^gn 
( |117H118"D of the = (0|2) 2DTL hierarchy whose algebra (^) is known. 



30 



In the new basis ( |T^ the symmetries Pj.+i (|n§-|nS|) and Vf^ (|rT^-[TTBD 
as well as the algebra ( |151|) become 



u 



U 



(n) 

n,2i-l) 



(n) 



2 "A;,j 



'^n,2j-l '"n,2(j-l)' 

^(n) ^(n) 
'^0,jMfc-2j-2 ~ ^0J-fc+n+2^ifc_2j 



(n)± 
0,i 



(n)± 



0, 



(153) 



and 



-in) 



(n) 



2n,2j-l) 



^2~nln^^i^,= 



^(n) ^(n) 
"^2n,2j-l + '^2n,2{i-l)' 



(154) 



as well as 



(155) 



respectively, where 



Vo,2j+i = 0, Vo,2, = -iVtFj)VtFj, 



(156) 



The relations (|153Hr56| ) completely reproduce the corresponding relations 
([Tr^-[TT8|), (IT2THT22D , ([T51D , ( |TT^ ) and O for the flows of the = (0|2) 
2DTL hierarchy where, however, the evolution derivatives and -D2n+i 
are replaced by and V'^n+ii respectively. Therefore, one can conclude 
that the algebra of the evolution derivatives T>f^ and T>2n+i have also to 
reproduce the algebra of the evolution derivatives and -D^^^ (p^). 
Thus, we are led to the following formulae for both this algebra and the 
algebras ( |139| ), ( |149| ) as well as ( |151| ) transformed to the basis ( |152| ) 



{Dt , D^] = 0, {D+ , Dt) 



[n 



2n] 
±1 



n 1 ^21 



{Dt , I^^Vi} = [D 
0, {V 



P2n , 1^21 



2 5 '^2n] 



2n+l 5 '^tl+l} 



[D2 , ^^2+n+l] 



2P 



2(n+Z+l)- 



(157) 
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The symmetries V^n+i (P^-pgl) of the iV = (2|2) 2DTL equation (|T?7D 
are actually also symmetries of all the bosonic flows Dfi ( |117] - |118D of the 



= (2 1 2) 2DTL hierarchy because of the commutation relations 

[T^tn+i , Df^ = (158) 

following from the algebra (|157|) and relations ( |152| ). 

The existence of the fermionic symmetries I^2n+i (|146|-|14^) creates a 



new interesting problem of constructing both additional evolution equa- 
tions for the Lax operators L"^ (|9T|) generated by I^^+i and commutation 
relations between the latter and the fermionic flows -D^_,_^ (|117D of the 



N = (0|2) 2DTL hierarchy. We hope to return to this problem in future. 

To close this section, let us point out that the = (0|2) supersymmetry 
and = (0|2) superfield formulation of both the = (0|2) 2DTL equation 
( p^ ) and the bosonic flows Dfi (ITT^-insD of the A^ = (0|2) 2DTL hierarchy 
can easily be uncovered from the approach and formulae of this subsection. 
In order to see that, it is enough only to introduce a new, N = 2 basis 
{D^, -D+} in the space of the fermionic evolution derivatives {Df, T>f}, 
namely: 

D^:=^iVt + Dt), D+:=\{Dt-Vt) (159) 

which form the algebra of the N = 2 supersymmetry 

DI = dI = 0, {D+,D+} = d+, (160) 

where we have introduced the notation (Dfy = 82 '■= d±. Then, relations 
( |150| ) become 

D+Fj = 0, D+Fj = (161) 

and have the form of the A^ = (0|2) chirality constraints for the chiral and 
antichiral A^ = (0|2) superfields Fj and Fj, respectively. For illustration, 
we present the A^ = (0|2) 2DTL equation ( p,35|) and the supersymmetric 
generalization of the Davey-Stewartson equation (|129|) identically rewritten 
to this basis 

d. ln{(D^F,+,){D+F)) = -F,F, + (162) 
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and 

D+Fj = -dlFj + 2D+{(D+Fj)dZ'd+{FjFj)), 

D+Fj = +dlF, + 2D+{{D^F,)dz'd4F,F,)), (163) 

respectively which possess both manifest N — (0|2) supersymmetry and 
N = (0|2) superfield form. 

5 Generalizations 

In this section, we briefly describe generalizations of the supersymmetric 
N — (0|2) 2DTL hierarchy discussed in the preceding section. 

We propose the following set of the consistent operator equations: 

+ (i-(-ir)(L+r\ 
d:l- = ((L+):)+L- - (L-)*w((L+):)+, 

D^MuL^ - (((L-)")_)*L+ - (L+)((L-)")_, 
D^^^L-^[{{L-r)_,L-], neN, (164) 

oo oo 

= E ^kje^'-'^', L-^Y: ^k,e^'-"^^^ (165) 

k=0 fe=0 

Moj = 1, t'o,2Mj+i = 0, ^'o,2Mi+a 7^ 0, q; = 2,3, ...,2M (166) 
generating the non-abelian algebra of the flows 

which may be realized in the superspace {i^, i^^n} 

00 

-^2Mn = ^2Mn' ^tn+l = ^2n+l + E ^2i-1^2(A;+/) > (168) 

1=1 
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where M G N is a fixed number and )^2Mn (^2n+i) are bosonic 
(fermionic) evolution times. At M = 1 eqs. ( |164| - |168D reproduce the 
Lax pair representation of the = (0|2) 2DTL hierarchy. 

At different values M equations ( |164| - |168| ) generate non-equivalent su- 
persymmetric hierarchies. Nevertheless, any hierarchy with M = Mi can 
be produced by reduction of the hierarchy with M = nMi {n G N) if 
the latter is provided by the following additional reduction constraints: 
Wo,2Mij+i = which are obviously consistent with the original constraints 
Vo,2nMij+i = entering into the definition ( |166| ) of the latter hierarchy. 

A detailed analysis of the generalizations proposed here is under way. 



6 Conclusion 

In this paper, we have clarified the origin of fermionic and bosonic solu- 
tions Ijl], 1^, 1^ to the symmetry equations corresponding to the 2DTL and 
A^ = (2 1 2) supersymmetric 2DTL equations and established the algebras 
of the corresponding symmetries. As a byproduct we have also proved the 



conjecture, proposed in |jT6[, regarding an A^ = (2|2) superfield formulation 
of the STL hierarchy. Then, we have proposed the new, A^ = (0|2) super- 
symmetric 2DTL hierarchy. Furthermore, we have constructed bosonic 
and fermionic symmetries of the A^ = (0|2) 2DTL equation belonging the 
hierarchy and their algebra to our knowledge for the first time. We have 
also discussed an A^ = (0|2) superfield formulation of the A^ = (0|2) 2DTL 
hierarchy. Finally, we have generalized the approach developed for the 
case of the A^ = (0|2) 2DTL hierarchy and proposed an infinite class of 
new supersymmetric Toda type hierarchies. 
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